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Abstract

Background and Objectives: In order to improve the performance of normalized
subband adaptive filter algorithm (NSAF) for identifying the block-sparse (BS)
systems, this paper introduces the novel adaptive algorithm which is called
BSNSAF. In the following, an improved multiband structured subband adaptive
filter (IMSAF) algorithms for BS system identification is also proposed. The BS-
IMSAF has faster convergence speed than BS-NSAF. Since the computational
complexity of BS-IMSAF is high, the selective regressor (SR) and dynamic selection
(DS) approaches are utilized and BS-SR-IMSAF and BS-DS-IMSAF are introduced.
Furthermore, the theoretical steady-state performance analysis of the presented
algorithms is studied.

Methods: All algorithms are established based on the L2,0-norm constraint to the
proposed cost function and the method of Lagrange multipliers is used to optimize
the cost function.

Results: The good performance of the proposed algorithms is demonstrated
through several simulation results in the system identification setup. The
algorithms are justified and compared in various scenarios and optimum values of
the parameters are obtained. Also, the computational complexity of different
algorithms is studied. In addition, the theoretical steady state values of mean
square error (MSE) values are compared with simulation values.

Conclusion: The BS-NSAF algorithm has better performance than NSAF for BS
system identification. The BSIMSAF algorithm has better convergence speed than
BS-NSAF. To reduce the computational complexity, the BS-SR-IMSAF and BS-DSR-
IMSAF algorithms are developed. These algorithms have close performance to BS-

IMSAF.

subband adaptive filter (NSAF) algorithms were
introduced [6], [7]. Also, the methods of APA and NSAF
were combined and improved multiband structured SAF
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Introduction

The least mean squares (LMS) and the normalized LMS

(NLMS) algorithms are widely used in many adaptive filter
applications [1]-[4]. These algorithms are simple, stable
and easy to implement [5]. However, the convergence
speed of LMS and NLMS algorithms is significantly
deteriorated in case of colored input signals. To improve
the convergence speed of these algorithms, different
algorithms such as affine projection (AP) and normalized

Doi: 10.22061/jecei.2023.10062.675

(IMSAF) was proposed in [8], [9]. Since the computational
complexity of APA and IMSAF is high, various approaches
such as selective regressor (SR) and dynamic selection
regressor (DSR) were applied in APA [10], [11] and IMSAF
[12]-[14] as well as wavelet transform domain LMS
(WTDLMS) [15].

In some applications, the unknown system to be
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identified is sparse or block-sparse (BS). It means that the
unknown system consists of many zero or near-zero
coefficients and a small number of large ones. The typical
sparse systems are digital TV transmission channels and
echo paths [16]. Also, in satellite-linked or in-door MIMO
communications, the impulse response is block sparse.
The classical adaptive filter algorithms such as NLMS, APA,
NSAF, and IMSAF suffer from poor performance when the
impulse response of the unknown system is sparse or
block sparse [17].

To solve this problem, the Ly-norm constraint are
utilized in the cost function of various adaptive filter
algorithms. In [18], the Ly-LMS was presented which
shows better performance than LMS and NLMS in sparse
system identifications. Also, two types of L,-APA and L,-
NSAF algorithms were proposed in [6], [7]. The other
researches on sparse systems can be found in [20], [23],
[24], and [25]. Furthermore, in our recent research, we
introduced the L,-IMSAF algorithm [26]. As we
mentioned, there is a special sparse system which is called
block-sparse (BS). The impulse response of block-sparse
system consists of one or more clusters, wherein a cluster
is a gathering of nonzero coefficients. In this situation, the
sparse adaptive algorithm such as L,-LMS doesn’t work
well. Therefore, the BS-LMS was introduced [27]. The BS-
LMS has much better convergence speed than Ly-LMS in
BS system identification. In BS-LMS, a penalty of BS, which
is mixed L,q-norm of adaptive filter coefficients with
equal group partition sizes, is inserted to the cost function
of LMS. This approach was successfully extended to
proportionate NLMS in [28].

In the present study, the BS-NSAF algorithm is firstly
introduced. The BS-NSAF has faster convergence speed
than Ly-NSAF in block-sparse systems. Then, to improve
the performance of BS-NSAF, the BS-IMSAF is presented.
Both algorithms are established based on the L, 5-norm
constraint to the proposed cost function. In the following,
we introduce two new algorithms to reduce the
computational complexity of BS-IMSAF. The SR and DSR
approaches are extended to BS-IMSAF and BS-SR-IMSAF
and BS-DSR-IMSAF are established. In BS-SR-IMSAF, a
subset of the input regressors at each subband are
optimally selected during the adaptation. The subsets
with dynamic number of members from the input
regressors (DSR) at each subband are chosen for every
iteration in BS-DSR-IMSAF. Furthermore, the theoretical
steady-state performance analysis of the proposed
algorithms is also studied. Table 1 reviews the classical,
sparse, and BS adaptive filter algorithms. The proposed
algorithms have been indicated in Table 1. Also, Table 2
compares the cost functions of Ly-LMS, BS-LMS, L,-NSAF,
IMSAF, and proposed BS-NSAF and BS-IMSAF algorithms.
In the following, the notations in this table will be
illustrated.

Table 1: The Ly-norm constraint adaptive filter algorithms

Algorithm Algorithm based on Block Sparse
LMS Ly-LMS [18], BS-LMS [27]
NSAF ZN-NSAF [19], BS-NSAF *

IMSAF BS-IMSAF *
SR-IMSAF [12] BS-SR -IMSAF *
DSR-IMSAF [12] BS-DSR-IMSAF *

* Proposed in this paper.

Table 2: Review of cost functions

Adaptive filt i
aptive tilter Cost function

algorithm
Lo-LMS [18] J(k) = le(K)|* + & I h(k) Il
BS-LMS [27] Jk) = le(R)|? + 8 1 h(k) lizo

N
ZN-NSAF-I [19] J(n) =llh(n + 1) — h(n) I?+ Zizlli[dip(n)
—ul'(mh(n +1)]

€i,p (n)

1
ot "2) +581h() llg

N
1
ZN-NSAF-1I [19] J(n) = 521 (rvor
N
MISAF (121, (13] Jm) =lh(n + 1) —h(n) 1>+ Zi=1 Ai[d;p(n)
- Ul (mh(n + 1)]

N
MSAF J(n) = %Z el (VT (U, ()] ey (n)

leip(M*

BS-NSAF * J(n) = 2 " w;(n )”2

+451 h(n) "2,0

1
Jn) = 52 el U] WU, ()] e ()
T Hsinm I

BS-IMSAF *

* Proposed in this paper.

What we propose in this paper can be summarized as
follows:

e Establishment of the BS-NSAF. This algorithm has
faster convergence speed than Ly-NSAF for BS system
identification.

e Establishment of the BS-IMSAF. The BS-IMSAF has
better convergence speed than BS-NSAF.

e Introducing the BS-DSR-IMSAF and BS-SR-IMSAF
algorithms. These algorithms have lower computational
complexity than BS-IMSAF.

e Studying the theoretical steady-state performance of
proposed algorithms.

e Demonstrating of the proposed algorithms through
several simulation results.

This paper is organized as follows: Sect. 2 describes the
data model and IMSAF algorithm. In Sect. 3, the IMSAF is
derived based on the gradient descent approach. In Sect.
4, the BS-NSAF algorithm is introduced. The family of BS-
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IMSAF is proposed in 5. Sect. 6 studies the theoretical
steady-state performance of the algorithms. The
computational complexity of the proposed algorithm is
discussed in Sect. 7. Finally, the paper ends with a
comprehensive set of simulations supporting the validity
of the results.

Throughout the paper, ()T represents transpose of a
vector or matrix, |I.ll, indicates £,-norm of a vector, ||.[|?
takes the squared Euclidean norm of a vector, L.,
creates L o-norm of a vector, [.] describes the Ceiling
function, and E{.} shows the Expectation.

Data Model and Review of IMSAF Algorithm

Consider a linear data model for the desired signal as
d(K)=u"(K)h°+v(k), (1)

where h°® is an unknown M-dimensional filter
coefficients that we want to estimate, v(k) is the additive
noise with variance o2, and wu(k) = [u(k)u(k —
1),...,u(k — M + 1)]" denotes an M-dimensional input
regressor vector. It is assumed that v(k) is zero mean,
white, Gaussian, and independent of u(k).
Fig. 1 shows the structure of the NSAF [7]. In this figure,
f.f,, ...fy and g4,8,,...,8x, are analysis and synthesis
filter impulse responses of N channel. The u;(k) and
d; (k) are nondecimated subband signals. It is important
to note that k refers to the index of the original sequences
and n denotes the index of the decimated sequences
(n=floor(k/N)). The decimated output signal is defined as
Yip() = ui h(n), h(n) = [hy(n),hy(n), ...y (W)]”
and u;(n) = [u;(nN),u;(nN — 1), ...,u;(nN — M + D]".
Also, the decimated subband error signal is expressed as
eip(n) = dip(n) — ul (Wh(n).

- i) @ dy o)
dy(k) ° dypiv)
d®)

- - Q o

Fig. 1: Structure of the NSAF algorithm.

Now, by defining [U;(n)]yxk and [d; p (M)]xx1 as

U;(n) = [u;(n),u;(n — 1), ..., u;(n — K + 1)], (2)

dip(n) = [dip (), ....dip(n — K + D], (3)

the IMSAF algorithm is derived from the solution of the
following constraint optimization problem [12], [13],

J@®) =llh(n+1)—h®) I?
+XIL Agld;p(n) — U (m)h(n + 1)],
where A; = [4;1,4;2, ..

(4)

Aix] is the Lagrange multipliers

: : oj(m) _ aJ(n)
vector with length K. Using D) 0 and o =0, we
get
1 N
— - ) T

h(n+ 1) = h(n) + ZZ U, (AT, (5)
where

A} = 2[U] (M)U;(n)] " e;p(n), (6)

and the output error vector, [e; 5 ()] kx1, is given by

e;p(n) = d;p(n) — U] (Mh(n), (7)

Therefore, the update equation for IMSAF becomes
h(n+1) = ho) + 1 ). Ui)[U] (U] e (), (8)

where u is the step-size.
Derivation of IMSAF Based on the Gradient
Descent Method

In this section, we establish the IMSAF algorithm based
on the gradient descent approach. Instead of minimizing
(4), the following cost function is defined as [29].

N
1
J@n) =5 el U] (Vi) ey (), ©)
i=1

Based on the gradient descent approach, the filter
coefficients recursion is given by

h(n+1) = h(n) — g a{f( )) (10)

Using (7) in (9), J(n) becomes

Nlr—‘

J(n) = Z {dl, U] (U ()] dp ()
i=0

2h" (M)U;(m)[U] (M) U; ()] ~*d; p (1)
h" (M)U;(m)[U] (M) U;(m)] U] (m)h(n)}, (11)
and the gradient of J(n) is

aJ(n)
oh(n)

N
= > (U U] g ()

i=1
+U;(m)[U] (U (m)] U] (mh(m)}
= - 3L (U] U] e )}, (12)

By substituting (12) in (10), the IMSAF algorithm is
established as
h(n+1)

N
= h(v) + 4y U] U] ep(m), 13)
i=1
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Review of BS-LMS and derivation of BS-NSAF

In this section, we briefly review BS-LMS adaptive
algorithms [27]. Then, the BS-NSAF is introduced.
A. Review of BS-LMS algorithm

In BS-LMS, a penalty of block-sparsity is inserted to the
cost function of traditional LMS algorithms. This penalty
is a mixed of L, o-norm of adaptive filter coefficients with

equal group partition sizes. In BS-LMS, the cost function is
defined as [27].

J(k) = le(®)|* + 6 Il h(k) Iz, (14)

where § is positive factor to balance the estimation error
and the penalty of block-sparsity. Also

L hy; ll2]
I h(k) N0~ !' he 2 N1 (15)
il LIPS
and
hy = [haoyrevha-sz - hal’ (16)

Denotes the ith block of h. The parameters B and L are
the number of blocks and the block partition size,
respectively. Following the same strategy in Ly-LMS [18],
the update equation for BS-LMS is given by

h(k + 1) = h(k) + pe(k)u(k) + xf(h(k)), (17)

where k = ud regulates the strength of block-sparse
penalty for given step-size and zero attraction function

F(h(k)) s
= [fi(h(®)).fo(h(k)), - fau (D],
fi(h(k))

o oy PR

Jy 19 T 1o (19)

1
0

i otherwise.

Fig. 2 shows zero attraction function for BS-LMS when
y = 1 and different length of blocks, L = 1,2,4,8.

If we have one block in BS-LMS, L = 1, then the zero
attraction function in BS-LMS reduces to the zero
attraction function in Ly-LMS. Zero attraction imposes an
attraction to zero on small weight coefficients. After each
iteration, a filter weight will decrease a little when it is
positive, or increase a little when it is negative. Therefore,
it seems that in space of weight coefficients, an attractor,
which attracts the nonzero vectors, exists at the
coordinate origin. The function of zero attractor improves
the performance of LMS in sparse system identification.
To be specific, in the adaptation process, a weight
coefficient closer to zero shows a higher possibility of
being zero itself in the impulse response.

— L=

0.8
L=2 —L=

L L=4 L=
04 L=8 —1L=
0.2

9

«
e
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08}
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w

Fig. 2: Zero attraction function for BS-LMS when y=1, L=1,2,4,8.

B. Proposed BS-NSAF algorithm

In [19], the Ly-NSAF was proposed. To improve the
performance of NSAF and L,-NSAF for block-sparse
system identification, the BS-NSAF is presented. If the
parameter K in (8) is set to 1, the NSAF algorithm is
established. Therefore, by selecting this value in (9), the
cost function for BS-NSAF algorithm is proposed as

N 2
_1N" lepp@)
24 1wy (n) 117
=1

J(m) + 681 h®) Iy, (20)

Now, by applying the gradient descent approach in
(10) to the proposed cost function and setting Z}]l—((nng equal
to zero, we get

N
43St
Finally, the update equation for BS-NSAF is established
as .
h(n+1) = h(n) + y; % +rf(h(n),  (22)
where
f(h(n) = [fi(h().f2(h (), -+ .fu (h())]", (23)

The Family of BS-IMSAF Algorithms

Although, the IMSAF works well for dispersive
unknown systemes, its performance needs to be improved
when the impulse response is block-sparse. In this
section, three block-sparse adaptive algorithms are
proposed. The first algorithm is BS-IMSAF algorithm. In
the following, to reduce the computational complexity of
BS-IMSAF algorithm, the selective regressors (SR) and
dynamic selection of regressors (DSR) strategies are
utilized and BS-SR-IMSAF and BS-DSR-IMSAF algorithms
are derived.

A. The BS-IMSAF algorithm
By applying L;o-norm into (9), the optimization
problem turns to
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N
1
J@) =5 eV MU, ] e
i=1

+6 |l h(n) "2_0 f

Setting gljl—Enn; equal to zero,

(24)

J(n) _
oh(n) ~

N
=) {U@UT V)] e ()
i=1 (25)
allh(n)llo
+6 an(n) ’
the weight coefficients update equation becomes

d h(n) liyo
dh(n)

+u Xty Ui(m[U] (U;(m)] e (), (26)

Finally, the weight update equation for BS-IMSAF is
described as

h(n + 1) = h(n) + kf(h(n))
+u XL, U;(m[U] MU;(n)] ey p(n),

where f(h(n)) is obtained from (24) and (25). Table 3
summarizes the BS-IMSAF algorithm.

h(n+ 1) = h(n) — ud

(27)

Table 3: The BS-IMSAF algorithm

Forn=0,1,...
u(n) = [umumn—-1),..,un—M+ DT
Fori=1,..,N
dip(n) = [dip(), ....dip(n — K + 1)]"
U;(n) = [u;(m,u;(n—1),....u;(n — K + 1)]
e;p(n) = d;p(n) — U] (Wh(n)
End

%——Update the filter:
f(h(n) = [f1(h().f2(h (), ,fu (h(m)]"

2 () — Y
O g
fith(n)) =

1

0, otherwise.
h(n + 1) = h(n) + kf(h(n))

N
1) U U () + €l ey p(n)
i=1

End

B. The BS-SR-IMSAF Algorithm

In BS-SR-IMSAF, a subset of the input regressors at
each subband is optimally selected for every adaptation.
Let Og = {0,,0,, ...,05} denotes a S-subsets (subsets with
S members) of the {0,1, ...,K — 1}. Now define

d;pe,(n) = [dip(n—6,),..,dip(n—65)]", (28)
and

Uip,(n) = [u;(n — 61), ..., u;(n — 65)], (29)
Therefore, the output error vector is given by

e;p0s(M) = d;pes(n) — Ulg (Mh(n), (30)

The cost function for BS-SR-IMSAF is defined as
Jog(m) =6 11h(n) Iz

AN (31)
+ EZ el pos (MUl ,(MU;p . (n)] " e;pes(0).
i=1
Following the same approach in BS-IMSAF, we get
h(n + 1) = h(n) + kf(h(n))
(32)

N
1) Ui (Uog(0U;05()]eip,0, (1),
i=1

We should select the regressors which makes Jg (1)
as close as possible to J(n). Thus, the optimum selection
of the input regressors is obtained by a subset that
minimizes

N
0" = | ) [elp(m)(UT ())U; () e (n)
= (33)
_eiT,D,es (n) (UZ@S (MU;es(m) "€ pesM]I,
elpos(M(Ule,(MU;e . (n)"e;pes(n) is
always smaller than e, (n)(U] (n)U;(n)) e; p(n), the

optimum selection is reformulated by a subset that
maximizes

Since

opt
®S
N

= (€105 (MUl (Vs (1) ei0,(0)],

i=1

(34)

To reduce the computational complexity of (36), we
assume that the diagonal elements of UZOS (M)U;g4(n) is

much larger than off-diagonal elements [10], [12].
Therefore, (34) is approximated for each subband as
elpes(MUle,(MU;es(n) "€ pes(n)
(35)

efp(n—05)

_ elpn-61)
luj(n-6s)112”

= u;(n—6,)112

where  e;p(n) =[e;p(n),e;p(n—1),...e;p(n —K +
1)]7. Based on (35), the indices of the optimum subset at
each subband for every iteration are obtained by the
following simplified procedure:

1. Compute the following values for 0 <j <K -1
and1<i<N

efp(n — )
I u;(n—j) 112’

(36)
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2. The j-indices of ©2"° for each i correspond to the
indices of the S largest values of (36).

The BS-DSR-IMSAF Algorithm

In BS-DSR-IMSAF, the number of selected input
regressors at each subband are dynamically changed for
every adaptation. By defining the weight error vector as
h(n) = h® —h(n), the weight error vector update
equation in BS-IMSAF can be stated as

h(n+1) = h(n) — xf(h(n))
—u XX, U;(m[U] m)U;(m)] ey p(n),
Table 4 summarizes the BS-SR-IMSAF algorithm.

Table 4: The BS-SR-IMSAF algorithm

Forn=20,1, ...
u(n) = [umum—1),..,un—M+ D]’
Fori=1,..,N
d;p(n) = [dip(n), .. dip(n — K + 1)]"
U;(n) = [uy;(m),u;(n —1),...,u;(n — K + 1)]
e;p(n) =d;p(n) — Ui (Mh(n)

%——Determining the s-indices:
Forj=01,...K—1

efp(n—j)
la; (n—j)Ii2

compute

End

%——Update the desired signal vector:
Uies(n) = [u;(n = 61), ..., u;(n — 65)]
d;pe,(n) = [dip(n = 61), ...dip(n — 65)]"
€ipes(M) = d;pe (1) — Ulg (Mh(n)
End

%——Update the filter:

f(h(n) = [fy(h()).fz(h()), -+ .fu (h()]"
h.
(yzhj(n) - 7y )

I Ry ll2”
f(h() = { 1
J l when 0 <|| h”]‘/L” ||2S }—/,
0

R otherwise.
N
h(n+ 1) =hn) + kf(h(n)) + uz {U,-,@S(n)
i=1

X [Ufo,(MU; e (n) + el] "', p o (1)}
End

Taking the squared Euclidean norm and then
expectation from both sides of (39) leads to the mean-
square deviation (MSD) that satisfies

Ellh(n+ 1) 1?=E Il h(n) I?-A, (38)

where

N
8= (12 ~ WEl, () (UT (U () s ()}
i=1

—2paj,  Tr(E[U] (mU;(m)] )]
+{crosstermswithx}, (39)

If A is maximized, then the fastest convergence is
obtained. In (39), 01,21.'D is the variance of the ith subband
signal of v;(n) being partitioned and decimated. We
assume that the {crosstermofk} are zero, because x is
very small value. Since the exact expected values are not
available, the instantaneous values are used as follows

N
B=p@—w) ). [el,(m(UT (1)U (0) e;(n)
i=1

2 —
—EUELDTF[UL'T(”)UL‘(“)] 1, (40)
Again we use the previous approximation for

U7 (n)U;(n) and obtain [11], [12]

elp(n) — 207, /(2 — 1)
Iy (n) 112

N
B=u@-m ) {( )
i=1

elp(n-1)-203, ,/(2-1)
llu;(n—=1)II12 )

eile(n—P+1)—2¢T§l.'D/(2—u)
lluj(n—K+1)I12

)} (a1)

From (41), we can find the following facts. If at each
subband e?,(n —j) > 207, /(2 — ), then w;(n—j)
contributes to maximizing A. However, if e?,(n —j) <
201,21.'[)/(2 — 1), then u;(n—j) makes A decrease.
Therefore, we should perform the update with the input
regressors satisfying eED(n -j)> ZUELD/(Z —u) at
every iteration for the largest MSD decrease. Thus, the
number of the selected input regressors at each subband
for every iteration should be the same as the number of
errors satisfying e’ (n — j) > 20'3“)/(2 — .

Suppose Og, ) = {61,05, ...,05,y} indicates a subset
with S;(n) members of the set {0,1....,K — 1} at each
subband. Then, the update equation for proposed BS-
DSR-IMSAF is introduced as

N
h(n + 1) = h(n) + kf(h(n)) + #Z Uios,y ()

i=1

[el + Ugesi(n) (MVieg, (n)]_lei,D,Gsim) ), (42)
where

di 05, (M) = [dip(n = 61), ....dip(n — Bs,c)]1" (43)

Ui,esi(n) M) = [ui(n — 64), ..., u;(n — bs,()) ], (44)

and
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ei,D,Osi(n) (n) = di'D'G)Sl-(n) (n) l G)S () (n)h(n) (45)

The parameter S;(n) changes between 0 and K. The
indices of the subset (Js;n)) are obtained through the
following procedure:

1. Compute the following values for 0 <j <K -1
and0<i<N-1

2
leip(n— )| > ’_0-1;- ) (46)
g 2_# i,D

2. The j-indices of Jg, () at each subband correspond
to the indices that satisfies the condition in (46).
Table 5 summarizes the BS-DSR-IMSAF algorithm.

Table 5: The BS-DSR-IMSAF algorithm

Forn=0,1,...
u(n) = [u(n),u(n—-1),..
Fori=1,..,N
dip(n) = [dip(n), ... dip(n — K + D]"
U,(n) = [uyy(m)u;(n—1),..,.u;(n— K +1)]
e;p(n) = d;p(n) — U] (mh(n)

un—M+ DT

%——Determining the s-indices:
Forj=01,..,K—1

2
compute |e; p(n — ])|>/ 77 P

End

%——Update the desired signal vector:
Uiog, i, (M) = [Wi(n = 61), .. ,u;(n = O5,m))]
dip,05,,m (™M) = [dip(n = 6,), ....dip(n — Os,m)]”
€105, () = dip,05,y M) = Ulg, . (OR().
End

%——Update the filter:

£ () = [/, () fo (), f ()T
I{yzhf(")_n zh{(n)u ’
(/L Nz
fh(w) = |

I when 0 <|| h[”/”] <
kO, otherwise.
N
h(n+ 1) = h(n) + kf(h(n)) + uz' Ui0,,
i=

x [el + UTo,  (MUso, , (W] eip oy, (W}
End

Theoretical Performance Analysis

In this section, we analyze the performance of the
family of BS-IMSAF algorithms. By defining the weight
error vector, h = h® — h(n), the general weight error
vector update equation can be written as

h(n + 1) = h(n) — kf(h(n))

1) U@V U] e (),
i=0 (47)

where U;(n) and @; p (n) is defined according to the Table
6.

Table 6: The definitions of U;(n) and e; (1)

Algorithm U;(n) e;p(n)
BS-IMSAF U;(n) e;p(n)
BS-SR-IMSAF U 0,(1) e;pes(M)
BS-DSR-IMSAF Ui, (M) €,,05,;, ()

By taking the squared Euclidean norm from both sides
of (25), we get

IR+ 1) 12=1 e 12, (48)
N-1
21 )[BT U)W (U (1)) e (1)
i=0
N-1
20 ) [ (W)U, () (U] () Uy () e ()
i=0
N-1

2 ) el U7 WU egp ()
i=0

—kfT (h(n))h(n) + k2 || f(h(n)) I?, (49)
From (1) and (7), we have
W (M)U;(n) = el (n) — vi,(n), (50)
Therefore, (49) is reformulated as
I h(n + 1) 1=l h(n) II?
N-1
2 ) [elp(m) — VI, ()] U] (U (0) e ()
=01
+2px Z 7 (h(m)U; () (U] (MU; () e p (n)
! N 1
2 Z el () (U] () U; () e ()
—KfT(h(n))h(n) + k2 || f(h(n)) 117, (51)
which can be stated as

I h(n + 1) 12=] B(n) 1
—2#21 o el (m)(UF (MU; () e;p(n)

+2u %05 vip (M (U] (U; ()" e;p(n)
N-1

+2ux Z £ (h () U; () (U] (m) 0, () e ()

+u 5 el () (UL (MU () ey p(n)
—kfT (h(n))h(n) + «2 Il f(h(n)) 117, (52)

To simplify the recent relation, we apply the following
independence assumptions [12], [30]:
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1. U;(n) is independent and identically distributed
sequence matrix.

2. h(n) is independent of U;(n)

Now, taking the expectation from both sides of (52)
and using the fact that e;p(n) = UTm)h(n) + vip(n),
the third term in the right-hand side of (52) is simplified
by

N-1
D BT (U () e p ()} =
N-1

D B ) (U] () (2) My () =
i=0
M5 o, TrE L] (U )], (53)

where E{v;p (n)vw n)} = avziD. I. Substituting (53) into
(54), we obtain

Elh(n+1) 12= E Il a(n) 112
N-—

—Z#ZE el () (U] ()U; () 4 ()]

+2u ZN o1 a5, Tr(E[U] (m)U;(m)] ™)
+2ur BI5G E [T (h()U; () (U] (MU () ey p (n)]
+u? XSG E [@gu (MU} (MU() e, p(n)]
—kE[f"(h(n)h()] + *E[Il f(h()) I7],  (54)
To simplify the recent relation, we assume that matrix,
UT(n)U;(n), is diagonal. This assumption was
successfully applied in [10] and [11]. Using this
assumption leads to

Elh(n+1) ||2 Eu h(n) I?
efp(n) — 205 /(2 — 1)
RAChs “)ZE{( Tur) 12
2 (n— 1)~ 203, /2~ ‘e
Iu;(n— 1) II2 )

efp(n—K+1) =205 /(2 —p)
lu;(n—K+1) I

)}

N-1
+2p1c Z E[f7 (h(n))U; () (UT () U () 2e; p ()]
GBI (b + CE[I () 1], (55)

The mean square deviation (MSD) and mean square
error (MSE) are obtained by

MSD(n) =E | h(n) 112, (56)
MSE(n) = E[efp(n)], (57)
Therefore,
MSD(n + 1) = MSD(n)
g (e
S et

MSE(n—K+1)—ZJ§iD/(2—;4)

—u2 - w i )

N-1 Ellu(n—K+1)|12
+2uK Z E[E7 (h(n)) Uy (n) (U () Ug(m)) e ()]
_O_KE[fT(h(n))il(n)] + K2E[Il f(h(n)) 1], (58)

The recent relation can be rearranged as

MSD(n + 1) = MSD(n)

_ _ N-1  MSE(m) MSE(n—K+1)
w2 =) Eio Ellu;(n)II2 EHui(n—K+1)I|2)
- 1 1
+2 Z
HL o Erame T Elam— kD P

+2MKZ E[fT (h(m)U; () (U] (MU () "' e;p ()]

—KE[f" (h(m))h(m)] + k?E[Il f(h(n)) I1°], (59)
when n goes to infinityy, MSD(n+ 1) = MSD(n),
MSE(n) = MSE(n—1)=+--=MSE(n—K + 1), and
E llu;(n) I>°= Mau Therefore, the above relation
becomes

P=K,S,orS;(n)times
N-1
. Z JMSE | MSE,_
#( #) - MO_I%L' MO_-‘%i -
= P=K,S,orS;(n)times
T e —
N-1 '

2 ) BT (U (m) (U] (U, () e ()]
~KE[fT (h(m)h(m)] + 2 f(h(m) I2],  (60)

Equation (60) can be simplified as

2” PO-VLD

N-1
w2 —
—_"“MSE
M Zo o (61)

+{termswithf(h (n))}

Finally, the steady-state MSE is given by
2

22 Pa,,LD
Ju
MSE = —11
(2 .u) Z{V o1 0.2 (62)

{termsw1thf(h(n))}
m2- V-)PEN 1 1
Uu

The first term in the right-hand side of (62) is the
steady-state MSE of IMSAF. The second term is related to
Lo-IMSAF. Using k = ué, we have

BS(—_I%EAF IM
MSE = MSE
E[f" (h(m)U(m) (U] (mU; () " eyp (1)

2—wpP 1
( #) 270102

L2 Pl

—SE[fT(h(n))h(n)]+u82 [Ilf(h(n))llz]
@EPynN-1_1
M

'3, (63)

i

+

By defining a = uE | f(h(n)) II? and
b

N-1
=2u Z Ef" (h(m)U; () (U] (MU (n) ey p ()
i=0

—E[f" (h(m))h(n)], (64)

the MSE relation becomes
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BS—IMSAF IMSAF

MSE = MSE 6%+ db
= +(2— WOP o 1 (65)
Zl 0 0-2
u;

Since 0 < u < 2, the denominator of second term in
the right-hand side of (65) is positive, i.e.

@ #)PZN 11 > 0. Therefore, if 52a+ 8b <0, then

uz
the MSE of family of BS-IMSAF algorithms will be lower
than IMSAF. In the following, we find the condition for §
when 62a + 6b < 0. The condition is § < —b/a. Based
on this, we obtain

—2u 55" E[fT (h(m)U; () (U7 (MU;(n) ~*e;p ()]

o< WETEh(m)) 17]
E[fT(h(m)h(n)]
WETIEh()IZ] (66)
By using ep(m) =U'mhm) +v,p(n) and

independence assumptions, we have
E[f"(h(m)U;(m)(U] (M U;(n)) e, p(n)] =
E[f"(h(n))h(n)].

Based on (69), the following condition is achieved

(67)

6
< T2 XI5 EfT(h()h(m)] + E[f" (h(m)h(m)]  (68)

UETI f(h(n)) 1%] ’
Due to the analyze the relation in the steady-state, we
need to replace the index n with oo in (68). By simplifying
the recent relation, we obtain

(1 — 2uN)E[f" (h(0))h(0)]
EI f(h(e)) 2]

Finally, the steady-state MSE in the family of BS-IMSAF
algorithms is given by

(69)

BS—IMSAF  IMSAF
MSE = MSE

(ZMN — 1SE[f" (h(e0))h(e0)] + u82E[ll f(h(e0)) ||2] (70)
2- M)PEN 1 1

i=0 57

Computational Complexity

Table 7 presents the computational complexity of the
IMSAF and the proposed algorithms in terms of the
number of multiplications per iteration for real data. In
this table, M is the filter length, N is the number of
subbands, K is the number of input regressors, Q is the
length of channel filters, L is the length of blocks, S is the
number of selected input regressors, and S;(k) is the
number of selected regressors at each subband which is
dynamic. This table indicates that the number of
multiplications in BS-IMSAF depends on K. But, in BS-SR-
IMSAF and BS-DSR-IMSAF, this parameter depends on S
and S;(k). Therefore, the computational complexity of
BS-SR-IMSAF and BS-DSR-IMSAF is lower than BS-IMSAF.

In the proposed algorithms, we have also additional 3M +
LM multiplications and 1 division for the term of

kf(h(n)).

Table 7: The number of multiplications in IMSAF, BS-IMSAF, BS-
SR-IMSAF, and BS-DSR-IMSAF algorithms

Algorithm Number of Multiplications
IMSAF (K24 2K)M + K3 + K2+ 3NQ
BS-IMSAFA* (K2 42K +3)M + K3 + K2 + 3NQ
+ LM
BS-SR-IMSAFA*  (S2 4+ 25 + 3)M + S3 + S2 + 2M (K
—S$) 42K +3NQ
+ LM

BS-DSR-IMSAFA* N-11
P CIORRIORSY
+ 5300 + S2(0)]
+3NQ + 3M
+ LM

* Proposed in this paper.

Simulation Results

The performance of the proposed algorithms is
evaluated by computer simulations in the system
identification. To generate block sparse of impulse
response, the Markov-Gaussian model is used as

P{sx = O|sx—y = 0} = py,

P{s; # 0|sx_, # 0} = p,.
where p; =0.99, and p, =091 [27]. The nonzero
coefficients are generated according to the white
Gaussian noise. The input signal is an AR(1) signal which is
generated by passing a zero-mean white Gaussian noise

—. An additive

white Gaussian noise was added to the system output,
which sets the signal-to-noise ratio (SNR) to 40 dB. In all
simulations, we show the normalized mean square

_hoy2
(NMSD), 10l0g10(%), which s

evaluated by ensemble averaging over 200 independent
trials. Table 8 shows the values of the parameters in the
simulations. The impulse response of the unknown block
sparse system with M = 800 has been presented in Fig.
3.

through a first-order system H(z) = =

deviation

Fig. 4 shows the steady-state NMSD values versus k
for the family of BS-IMSAF algorithms. The values of k
changes from 1078 to 1073. The optimum values for k are
observed in this simulation. Table 9 specifies the exact
optimum values of k. We observe that, the BS-NSAF and
the family of BS-IMSAF algorithms have close optiumm
values. Fig. 5 shows the NMSD learning curves in optimum
values of k for conventional and block sparse adaptive
algorithms. We compared the learning curves of the
proposed algorithms with NSAF [7], IMSAF [9], and L,-
NSAF [19] algorithms. The block sparse adaptive
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algorithms show better convergence speed and lower
steady-state error than classical NSAF and IMSAF
algorithms. In comparison with BS adaptive algorithms,
the NSAF and IMSAF algorithms have larger steady-state
error. Also, the L,-NSAF has larger steady-state error than
BS adaptive algorithms.

Table 8: The values of the parameters in the simulations (M =
800,S =2,and g2 = 107%).

-25 T T T T

{a) NSAF

K =2 N=8, M =800,
30 o2=10", u=1,5=2

— (1)

IMSAF

(c) Ly-NSAF
-35 ——
s () BS-NSAF
il () BS-IMSAF
-40
=t ([} BS-SR-IMSAF
(d, e, f)

s, wi@ (g) BS-DSR-IMSAF

(a), (b)
50 |

NMSD in dB

-55

Optimum of:
BS-NSAF
BS-IMSAF
BS-SR-IMSAF

-60 -

65 - H Optimum of:

i BS-DSR-IMSAF

70 L L !
108

1074 107

Fig. 4: The steady-state NMSD versus k for the proposed

Figure N K L u K
— Performance for changing k:
Fig. 4 8 2 2 1 1078,..,1073
. {1.7,3.8,8.5}
Fig. 5 8 2 2 1 % 10-6
Fig.56 4 8 2 0.5 1078,.,1073
. {0.36,1.74,2.59}
Fig. 7 4 8 2 0.5 % 10-6
— Performance of Changing L:
Fig. 8 4 8 1,..50 0.5 1.74 x 107°
— Performance for changing K:
Fig. 10 4 2,.,8 5 0.5 5.5x 107
Fig. 11 4 2,.,8 5 0.5 5.5x 107
Fig.12 4 2,.,8 5 0.5 5.5x 107°

Table 9: Optimum values of k in Figs. 4 and 6.

Optimum values of k Optimum values of k

Algorith . )
gorithm inFig. 4 in Fig. 6
Lo-NSAF 1.7 x 107 0.36 x 107°
BS-NSAF 8.5x 107° 2.59 x 107°
BS-IMSAF 8.5x 107° 2.59 x 10~°
BS-SR-IMSAF 8.5x 107° 2.59 x 107°
BS-DSR-IMSAF 3.8x107° 1.74 x 107
o ' l ' I ' __—'Impulnel 1
2} .
£ l ” |
g ! I' '
sl ]
Nonzero coefficients
(Fifth block)
3C 1 1 1 1 1 1 1 ]
0 100 200 300 400 500 600 700 800
Samples

F

142

g. 3: The impulse response of unknown block sparse system.

NMSD in dB

algorithms (M = 800, N = 8,and K = 2).

40 +

-}'_(.)M

[ e (b} IMSAF

{c) Lo-NBAF
| ==—{d} BS-NSAF

(¢) BS-IMSAF
| e () BS-SRIMSAF |-

| s (g) BS-DER-IMSAF

50 -

-60

: ‘ l

2000 2500 3000

1500
Iteration Number

1000

Fig. 5: The NMSD learning curves of all algorithms in the
optimum values of k (M = 800, N = 8,and K = 2).

Fig. 6 presents the steady-state NMSD values versus k
for the family of subband adaptive filter algorithms
according to the parameters in Table 8.

Again, optimum values are obtained for block sparse
adaptive filter algorithms. Table 9 shows the exact
optimum values of k in this simulation. We observe that
BS-NSAF, BS-IMSAF, and BS-SR-NSAF have the same
optimum values.

The BS-DSR-IMSAF has slightly lower optimum value
than other BS algorithms. Fig. 7 compares the NMSD
learning curves of classical and block sparse adaptive
algorithms. This figure indicates that the proposed block
sparse adaptive algorithms have better performance than
NSAF, IMSAF, and Ly-NSAF algorithms. The performance
of BS-SR-IMSAF and BS-DSR-IMSAF are close to the BS-
IMSAF.

Furthermore, the steady-state NMSD of BS-SR-IMSAF
and BS-DSR-IMSAF algorithms are lower than BS-IMSAF.
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0 T

K =8, N=4, M =800, = (3) NSAF |
ol o?=10"4, =05, 8=2 —o— (b) IMSAF i
Optimum of: (¢) Lo-NSAF
el Eim = (d) BS-NSAF
BS-SR-IMSAF ——i— (6) BS-IMSAF
Optimum of: =gt () BS-SR-IMSAF

NMSD in dB

Fig. 6: The steady-state NMSD versus k for the proposed
algorithms (M = 800, N = 4, and K = 8).

T

K =8, N =4, M =800,

s (8) NSAF
02=10"%p=055=2 o
-0 - § (b) IMSAF
‘ (¢) Lo-NBAF

20 | s (d) BS-NSAF

(¢) BS-IMSAF
30 F

(£) BS-SRIMSAF

s (g} BS-DERIMSAF

-40 F

NMSD in dB

-50 |

-60 |

-70

L . .
0 2000 4000 6000 8000 10000
Iteration Number

Fig. 7: The NMSD learning curves of all algorithms in the
optimum values of k (M = 800, N = 4, and K = 8).

In Fig. 8, we change the value of L and plot the steady-
state NMSD values versus L. The values of L change from
1 to 50. The other parameters are set according to the
Table 8. As we see, for L=5, the steady-state NMSD is
obtained. Since the optimum value of k changes between
1075 and 10~%, we select the midpoint value, 5.5 x 107,
for k. Therefore, in the following simulations, we set the
parameter L to 5 and the value of k is set to 5.5 X 107°.
Fig. 9 shows the performance of BS-IMSAF for different
values of K. By increasing K, the convergence speed
increases. But, the steady-state error also increases. The
performance of BS-IMSAF is significantly better than
other algorithms. Fig. 10 compares the learning curves of
BS-SR-IMSAF and BS-IMSAF algorithm. We see that the
BS-SR-IMSAF has the same performance as BS-IMSAF.
But, the computational complexity of BS-SR-IMSAF is
lower than BS-IMSAF. Fig. 11 investigates the
performance of BS-DSR-IMSAF algorithm. Good
performance can be seen for BS-DSR-IMSAF. By increasing
the parameter K, the convergence speed of BS-DSR-

IMSAF is faster than BS-IMSAF. Also, for BS-DSR-IMSAF,
the same steady-state NMSD as BS-IMSAF is observed.

-50

{a) NSAF

sz (c)/ K=8 N=4 M=800, || ®DEAF
=104 =05, 5=2 (9 Lo-NSAF

54 K =1.74e — 06 —j— (d) B$-NSAF
i (¢) BS-IMSAF

-56 |- Optimum of: —t0— (f) BS-SRIMSAF

% () BS-NSAF
BS-IMSAF 9 (g) BS-DSR-IMSAF
4 . (®) BS-SR-IMSAF ®
% BS-DSR-IMSAF (d, e @
A\

4

L ' L L L
16 20 25 32 40 50

Fig. 8: The steady-state NMSD versus L, length of block, for
NSAF, IMSAF and proposed BS-IMSAF algorithms (M = 800,
N =4,and K = 8).

Fig. 12 shows the number of selected regressors at
each subband during the adaptation. This figure indicates
that in the steady-state, the number of selected
regressors converged to 1. It means that the steady-state
error of this algorithm becomes low even for large values
of K. Table 10 shows the simulated and theoretical
steady-state NMSD for different values of SNR. These
values are obtained for BS-IMSAF, BS-SR-IMSAF, and BS-
DSR-IMSAF algorithms. As we see, the good agreement
between simulated and theoretical steady-state NMSD
values is observed. Table 11 compares the computation
time and the values of NMSD in different algorithms at
iterations 2000 and 3000. The parameters of the
algorithms are according to the Fig. 9. This table indicates
that the NMSD values of BS adaptive algorithms at
iterations 2000 and 3000 are significantly lower than
NSAF, IMSAF and L,-NSAF algorithms.

0

- (a) NSAF
-10 b e (b) IMSAF
(®) (c) Lo-NSAF
20 / e (d) BS-NSAF |
b) K =2
s (8) BS-IMSAF
30 ©

.40 F

NMSD in dB
c

50 |
(el K=2
-60 - . [

{e) X =4,8,8

-70

. . . . . . .
0 1000 2000 3000 4000 5000 6000 7000 8000
Iteration Number

Fig. 9: The simulated and theoretical steady-state NMSD for
different values of SNR (M = 800, N = 4,K = 8, u = 0.5).
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Table 10: The simulated and theoretical steady-state NMSD for
different values of SNR(M = 800, N = 4,K =8, u = 0.5)

Algorithm BS-IMSAF FI\ZSS:F Bli/lzii
Simulation (SNR=10dB) —14.45 —14.72 —14.85
Theory (SNR=10dB) —-15.21 —-15.81 —15.90
Simulation (SNR=20dB)  —29.50 —29.60 —29.62
Theory (SNR=20dB) —-30.40 —-30.35 —30.51
Simulation (SNR=40dB) —64.81 —64.85 —64.89
Theory (SNR=40dB) —65.20 —65.12 —65.20

Table 11: The computation time and the values of the NMSD in
different algorithms at iterations 2000 and 3000

Time (s) NMSD in dB
Algorithm 2000 3000 2000 3000
NSAF 2.2 3.3 —239 =345
IMSAF 56.4 846 —39.2 -57.2
Ly-NSAF 2.9 4.3 —-263 —41.1
BS-NSAF 4.5 6.4 —25.1 —405
BS-IMSAF 56.9 855 —542 —64.8
BS-SR-IMSAF 14.5 21.7 -—-542 —-64.8
BS-DSR-IMSAF 26.6 405 —-63.5 -—64.8
0 T T
s (3) NSAF
-10 e (b) IMSAF
&) (c) Lo NSAF
Bk —— () BS-NSAF
() X=2 ——— (¢) BS-IMSAF
8 0l () [sseremsn () BSSR-IMSAF
3 @
50 L
(@ K=2 \
60 . S ——
(€) K =2,4,6,8
i 0 lO‘OO 20‘00 30:30 40;0 5060 GO‘OO 70;)0 8000

Iteration Number

Fig. 10: The NMSD learning curves for different values of K,
number of recent regressors in BS-SR-IMSAF algorithm (kx =
5.5 x 107°,M = 800,N = 4,K = 2,4,6,8).

(a) NSAF

(b) IMSAF
(a) (c) Lo-NSAF
-20 . — (d) BS-NSAF
(b) K =2
—— () BS-IMSAF

30 - (c) (f) BS-DSR-IMSAF

NMSD in dB

-40

50 |

() K=2

60| (HK=2 X

(f) K=4,6,8
-70

o 1000 2000 3000 4000 5000 6000 7000 8000
Iteration Number

Fig. 11: The NMSD learning curves for different values of K,
number of recent regressors in BS-DSR-IMSAF algorithm (k =
5.5%x 107%M = 800,N = 4,K = 2,4,6,8).

(a) BS-DSR-IMSAF, i = 1
——— (b) BS-DSR-IMSAF, i = 2
@ (c) BS-DSR-IMSAF, i =3
——— (d) B$-DSRIMSAF, i = 4
(b) K=8, N=4,M =800,
o2=10"% u=05

Number of Selected Regressors
»

) " L .
0 500 1000 1500 2000 2500 3000 3500 4000
Iteration Number

Fig. 12: The number of selected regressors at each subband in
BS-DSR-IMSAF algorithm (M = 800, N = 4, and K = 8).

Summary and Conclusion

This paper presented the family of IMSAF algorithms
for block sparse system identification. In the first
algorithm, the BS-NSAF was introduced. This algorithm
had better performance than NSAF for BS system
identification. In the following the BS-IMSAF was
presented. The proposed algorithm had better
convergence speed than BS-NSAF. To reduce the
computational complexity, the BS-SR-IMSAF and BS-DSR-
IMSAF algorithms were developed. These algorithms had
close performance to BS-IMSAF. Furthermore, the
theoretical steady-state behavior of the proposed
algorithms was studied.
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Abbreviations

LMS Least Mean Squares

APA Affine Projection Algorithm

NSAF Normalized Subband Adaptive Filter

IMSAF Improved Multiband Structured
Subband Adaptive Filter

BS Block Sparse

MSE Mean Square Error

NMSD Normalized Mean Square Deviation
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